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Abstract

We consider a model in which there is an underlying state space
with infinitely many dimensions. At any point in time, the decision
maker only considers finitely many dimensions as relevant for her sub-
jective state space: however, as time progresses she keeps adding di-
mensions. Updating beliefs over such increasingly complex subjective
state spaces differs significantly from belief updating when new infor-
mation allows the decision maker to narrow down the current state
space. We define the concept of generalized consistency, which is wide
enough to include nontrivial unawareness. We provide a sufficient con-
dition that guarantees that beliefs satisfy this property.

(This is work in progress, and very preliminary.)
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1 Introduction

There is an increased interest in the literature in characterizing decision
models in which unforeseen contingencies appear in a nontrivial manner
(see, eg, Dekel et al. [3] and [4], and Heifetz et al. [6]). For a justification as
well as further references, the reader may refer to these papers. However,
once such a model is introduced, there appear interesting aspects that, up
to the moment, have not been well analyzed. One of these aspects is how
beliefs should change. In standard decision theory in which the state space
is given as a point of departure, the only type of new information that the
decision–maker receives allows her to narrow down the possibilities: only a
given subset of the states will be considered possible henceforth, so beliefs
are updated by taking into account the conditional probabilities: this gives
rise to Bayesian updating. (We are ignoring here the possibility of updating
when zero–probability events are observed.) In order to construct a model
in which unforeseen contingencies may appear in a nontrivial manner, we
consider a different approach. We assume that the states of nature have
(countably) many dimensions. However, for reasons outside of our present
scope (maybe some kind of bounded rationality, or lack of observability), at
a given moment in time the decision–maker will only consider finitely many
dimensions. The problem we consider is the following: suppose that, for
whatever reason, the decision–maker decides to increase the number of di-
mensions which she will consider for her subjective state space: How should
her beliefs change? This is a completely different kind of belief updating that
has little to do with the previous process which we characterized as “narrow-
ing down” the possibilities. Here the possibilities expand and, accordingly,
the decision maker might even want to revise her previous estimates over
the subset of dimensions she was taking into account before. In fact, we
must allow for this possibility if we want to consider nontrivial unaware-
ness. Nevertheless, there should be some “discipline” in the way the deci-
sion maker formulates new beliefs in the expanded subjective state spaces:
the marginal effects of adding new dimensions should become deacreasingly
important. We formalize here this idea in terms of the concept we name
generalized consistency. The idea is roughly as follows: the beliefs of the
agent for successively complex subjective state spaces correspond to (are
the marginals of) beliefs over the underlying state space that keep changing
(there are many such beliefs); then when the number of dimensions grows,
all those beliefs should get increasingly closer. This definition is quite gen-
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eral, so what we do next is to characterize a simple class of beliefs that
satisfy this property, ie, we provide a sufficient condition for it. This is just
a first step in this line of work, since our objective is to provide an axiomatic
characterization.

2 The model

Let N = {1, 2, . . . , n, . . .} denote the set of natural numbers and, for each
n ∈ N, let Ωn be a nonempty compact metric space: the nth set of state
characteristics. The underlying state space is the product of all these sets of
characteristics: Ω = ×n∈NΩn. We endow this state space with the product
topology, with which it also becomes a compact metrizable space.

Let F denote the collection of all nonempty finite subsets of N. For each
F ∈ F , let ΩF = ×n∈F Ωn (a compact metric space when endowed with the
product topology).

At any given point in time, the decision–maker’s subjective state space is
a certain ΩF , for some F ∈ F , and her beliefs a probability distribution µF

over this set. Subsequently, the decision–maker may decide that more char-
acteristics (dimensions) are relevant in the description of the state space,
and incorporate them into her own subjective state space. A complete de-
scription of all beliefs the decision–maker may have for different (finite) sets
of characteristics is called here a system of beliefs. To define it formally, we
introduce some more notation.

Given a metric space S, let B(S) denote the collection of its Borel sub-
sets (the σ-algebra generated by the open sets), and ∆(S) the set of all
probability measures defined on the Borel sets.

Definition 1. A system of beliefs is a collection of probability measures
(µF )F∈F defined over the subjective state spaces: for each F ∈ F , µF ∈
∆(ΩF ). 4

The problem we consider in this paper is how to impose “reasonable”
constraints on systems of beliefs, ie, on belief updating when moving to a
higher–dimensional subjective state space.

An easy way out of this problem would be to require Kolmogorov–
consistency between the different beliefs, that is, that the beliefs in a given
subjective state space coincide with the marginal on this space of the beliefs
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of higher–dimensional spaces. But this would exclude non–trivial unaware-
ness. The reason the decision–maker decides to include further dimensions
may very well be because some unforeseen contingency has occurred: this
leads her to realize that there was something wrong with her original beliefs,
out of which she left some relevant characteristic. So when new characteris-
tics are incorporated into the subjective state space, she may want to revise
also her previous estimate, ie the marginal of the new belief may be different
from the previous belief.

We introduce some more notation to describe those concepts formally.
Given F,G ∈ F , with F ⊂ G, let πGF : ΩG → ΩF be the projection op-
erator. This projection induces a map, which we denote π̂GF : ∆(ΩG) →
∆(ΩF ), that to each measure in ∆(ΩG) associates its marginal in ∆(ΩF ):
for each µG ∈ ∆(ΩG) and each A ∈ B(ΩF ), we have π̂GF (µG)(A) =
µG[π−1

GF (A)] = µG(A × ΩG\F ). Analogously, given F ∈ F , let πF : Ω → ΩF

be the projection operator, and π̂F : ∆(Ω) → ∆(ΩF ) be the corresponding
marginal probability mapping.

A system of beliefs (µF )F∈F is Kolmogorov–consistent if, for all F,G ∈
F , F ⊂ G, π̂GF (µG) = µF .

We want to consider here systems of beliefs that do not necessarily satisfy
this constraint, but instead a weaker concept of consistency. Intuitively, the
constraint beliefs should satisfy is that, when more and more dimensions are
incorporated, the beliefs do not change much.

We endow the sets of probability measures with the weak∗ topology, ie
the topology of weak convergence of measures: with this topology, those
sets become also compact metrizable spaces (Aliprantis and Border, 1999,
Theorem 14.11). Given F ∈ F and µF ∈ ∆(ΩF ), we say that any λ ∈ ∆(Ω)
such that π̂F (λ) = µF is an inverse marginal of µF (λ is a member of the
image of µF under the inverse marginal correspondence π̂−1

F ).

Definition 2. A system of beliefs (µF )F∈F satisfies generalized consis-
tency if there exists a probability µ ∈ ∆(Ω) on the underlying state space
such that, for any collection (λF )F∈F in which λF is an inverse marginal of
µF , the net (λF ) converges weakly to µ. 4

Under Kolmogorov–consistency, Kolmogorov’s Extension Theorem im-
plies the existence of a unique µ satisfying the above definition.
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3 A sufficient condition for generalized consistency

We define now a concept of consistency which we will later show implies
generalized consistency. We call it S-consistency, where ‘S’ stands for “se-
ries.”

Definition 3. We say that a system of beliefs is S-consistent if there exists
a sequence (αn)n∈N of nonnegative real numbers such that

∑
n∈N αn = 1 and,

for all F,G ∈ F with F ⊂ G, we have:

π̂GF (µG) ≥

 ∏
n∈G\F

(1 − αn)

 µF .
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To interpret this concept, it is useful to notice that:

Proposition 1. A system of beliefs (µF )F∈F is S-consistent if, and only if,
for each pair F,G ∈ F with F ⊂ G, there exist a number λGF ∈ [0, 1] and
a measure γGF ∈ ∆(ΩF ) such that

π̂GF (µG) = λGF γGF + (1 − λGF ) µF .

This can be interpreted in the following way: γGF is a “reevaluation
probability” that specifies how much we want to reevaluate our previous
estimate given the fact the we now have a new subjective state space with
more characteristics. And λGF is the “reevaluation weight” we give to this
probability with respect to the previous prior.

Before proving this result, let us consider a purely algebraic inequality
that is very useful.

Lemma 1. Let (αn)n∈N be a sequence of real numbers satisfying 0 ≤ αn ≤
1, for all n ∈ N. Let ε satisfy 0 ≤ ε ≤ 1, and let F ∈ F . Then we have
that: ∑

n∈F

αn ≤ ε ⇒
∏
n∈F

(1 − αn) ≥ 1 − ε

Proof: The result derives from the expansion:

∏
n∈F

(1 − αn) =

{
1 −

∑
n∈F

αn

}
+

∑
i,j

αiαj −
∑
i,j,k

αiαjαk

 + · · ·
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In which we have that:∑
i,j

αiαj ≥
∑
i,j,k

αiαjαk,

because the left hand side term may be obtained from the one in the right
hand side by substituting each αk by 1. Analogously, we may group all the
terms in pairs like this, including the final term if #F is odd. If #F is even,
then the final term is not paired, but it is nonnegative, because it consists
of the product of all αns. ¤

In order to prove Proposition 1, let:

λGF = 1 −
∏

n∈G\F

(1 − αn).

The previous lemma implies that 0 ≤ λGF ≤ 1, and by hypothesis:

π̂GF (µG) ≥ (1 − λGF ) µF .

If λGF = 0, then let γGF be arbitrary. Otherwise, given A ∈ B(ΩF ), let

γGF (A) =
1

λGF
[π̂GF (µG)(A) − (1 − λGF ) µF (A)] .

Let A denote the collection of all cylinder sets in Ω. A set B ∈ B(Ω)
is a cylinder set if, and only if, there is F ∈ F , and A ∈ B(ΩF ) such that
B = π−1

F (A), ie, B = A × ΩN\F . It is easy to check that A is closed under
union and complementation, and therefore it is an algebra of sets. Since
the product topology is the smallest topology that makes all projections
(πF )F∈F continuous, a base for this topology are the inverse images of open
sets under each projection. And since a compact metric space satisfies the
Lindelöf property, any open set in Ω is the union of countably many sets
in this base: this means that this base (which is a subset of A ) generates
also the Borel σ-algebra of Ω. Concluding: the Borel σ-algebra of Ω is the
smallest σ-algebra that contains all cylinder sets.

We will first prove that, given an S-consistent set of beliefs, there is a
well defined limit of the measures of any given cylinder set. Given F ∈ F ,
let FF denote the collection of all G ∈ F such that G ⊃ F : if F indexes a
net of measures, then FF indexes a subnet.
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Theorem 1. Let (µF )F∈F be an S-consistent system of beliefs, and let A ∈
A be a cylinder set in Ω. Then we may choose a set F ∈ F and B ∈ B(ΩF )
such that A = π−1

F (B), and there exists a well–defined limit:

µ(A) = lim
G∈FF

µG[πG(A)].

Proof: Let ε satisfy 0 < ε < 1. Given the cylinder set A, by definition
there is F ∈ F and B ∈ B(ΩF ) such that A = π−1

F (B) = B × ΩN\F . We
want F to satisfy also: ∑

n∈N\F

αn ≤ ε.

If this were not the case, then (because the series of the αs converges) we
may always take another F ′ ⊃ F that satisfies this property; therefore, we
will assume F does satisfy it.

By S-consistency, if G ⊃ F we have:

π̂GF (µG)[πF (A)] ≥

 ∏
n∈G\F

(1 − αn)

 µF [πF (A)].

So applying Lemma 1 we obtain:

π̂GF (µG)[πF (A)] ≥ (1 − ε) µF [πF (A)].

If G ⊃ F , then πG(A) = B×ΩG\F , and therefore µG[πG(A)] = π̂GF (µG)[πF (A)].
So we conclude:

µG[πG(A)] ≥ (1 − ε) µF [πF (A)]. (1)

Now AC = BC × ΩN\F = π−1
F (BC). Analogously, if G ⊃ F , then πG(AC) =

BC × ΩG\F , so µG[πG(AC)] = π̂GF (µG)[πF (AC)]. We apply the previous
procedure to AC and obtain:

µG[πG(AC)] ≥ (1 − ε) µF [πF (AC)].

That is,
1 − µG[πG(A)] ≥ (1 − ε)

(
1 − µF [πF (A)]

)
. (2)

Combining equations 1 and 2, we finally obtain:

ε + (1 − ε) µF [πF (A)] ≥ µG[πG(A)] ≥ (1 − ε) µF [πF (A)].

This implies that the terms in the middle constitute a Cauchy net of real
numbers, and by completeness there exists a limit that we designate with µ(A).¤
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The proof of the previous Theorem shows actually more than is said in
the statement. Given F ∈ F , let AF denote all the cylinder sets that are
inverse images of sets in B(ΩF ). It is clear that F ⊂ G implies AF ⊂ AG ⊂
A .

Corollary 1. Under the hypotheses of Theorem 1, the convergence is uni-
form on AF , for any F ∈ F . That is, given F ∈ F and ε > 0, there is
G ⊃ F such that, for all H ⊃ G and all B ∈ B(ΩF ),∣∣ µ[π−1

F (B)] − µH [π−1
HF (B)]

∣∣ ≤ ε.

The first step in order to prove generalized consistency will be to show
that those limits on cylinder sets define actually a probability measure. The
difficult step here is to show countable additivity. For this, the following
lemma is useful.

Let C ⊂ A be the class of all cylinder sets that are the inverse image of
compact sets in some finite–dimensional projection. That is, C ∈ C if, and
only if, there is F ∈ F and K ⊂ ΩF compact, such that C = π−1

F (K).

Lemma 2. Under the hypotheses of Theorem 1, the limits for cylinder sets
are approximated by the limits for compact cylinder sets: for each A ∈ A ,

µ(A) = sup {µ(C) : C ⊂ A, and C ∈ C }.

Proof: Let A ∈ A and ε > 0. By Theorem 1 and Corollary 1, we may find
F ∈ F and B ∈ B(ΩF ) such that A = π−1

F (B) and, for any M ∈ B(ΩF )
and G ⊃ F , ∣∣ µ[π−1

F (M)] − µG[π−1
GF (M)]

∣∣ ≤ ε

3
By regularity of µG, there exists K ⊂ ΩG compact such that K ⊂ B×ΩG\F
and µG(B × ΩG\F ) − µG(K) ≤ ε/3. Now K ⊂ B × ΩG\F implies that
πGF (K) ⊂ B.

The set R = πGF (K) is compact, because it is the continuous image of
a compact set. We have K ⊂ R × ΩG\F ⊂ B × ΩG\F . Therefore µG(B ×
ΩG\F ) − µG(R × ΩG\F ) ≤ ε/3. Concluding,

µ[π−1
F (B)] − µ[π−1

F (R)] ≤
∣∣µ(B × ΩN\F ) − µG(B × ΩG\F )

∣∣
+

∣∣µG(B × ΩG\F ) − µG(R × ΩG\F )
∣∣+∣∣µG(R × ΩG\F ) − µ(R × ΩN\F )

∣∣ ≤ ε

So π−1
F (R) is a compact cylinder set whose µ–value approximates that of A.¤
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We may now prove:

Theorem 2. Under the hypotheses of Theorem 1, the set function µ : A →
[0, 1] defined in that Theorem is a (countably additive) probability measure.

Proof: It is easy to show that µ(∅) = 0 and µ(Ω) = 1. To show finite
additivity, let A1, A2 ∈ A satisfy A1 ∩ A2 = ∅. Then there is F and
B1, B2 ⊂ ΩF such that we can express Ai = Bi × ΩN\F , i = 1, 2. Note that
A1 ∩ A2 = ∅ is equivalent to B1 ∩ B2 = ∅. Also,

A1 ∪ A2 = (B1 ∪ B2) × ΩN\F .

For G ⊃ F , we have

µG[(B1 ∪ B2) × ΩG\F ] = µG(B1 × ΩG\F ) + µG(B2 × ΩG\F )

Taking limits on both sides of the equality we get

µ(A1 ∪ A2) = µ(A1) + µ(A2).

This shows that µ is a finitely additive probability measure. To prove count-
able additivity, let (An)n∈N be a sequence of sets in A such that An ↓ ∅.
We must show that µ(An) ↓ 0. Let ε > 0. We will construct a sequence
(Cn)n∈N of sets of C that satisfy that, for all n: Cn+1 ⊂ Cn ⊂ An, and
µ(An) ≤ µ(Cn) + ε. Proceed inductively in the following manner. Let
C1 ⊂ A1 satisfy µ(A1) ≤ µ(C1) + ε/2. Next let C2 ⊂ A2 ∩ C1 satisfy
µ(A2 ∩ C1) ≤ µ(C2) + ε/22. Now µ(A2) = µ(A2 ∩ C1) + µ(A2 \ C1) ≤
µ(A2 ∩ C1) + ε/2, since A2 \ C1 ⊂ A1 \ C1 and µ(B1 \ C1) ≤ ε/2. There-
fore, µ(A2) ≤ µ(C2) + ε/(2 + 22). In general, let Cn+1 ⊂ An+1 ∩ Cn satisfy
µ(An+1 ∩ Cn) ≤ µ(Cn+1) + ε/2n+1, so that µ(An+1) ≤ µ(Cn+1) + ε/(2 +
22 + · · ·+2n+1). Now (Cn)n∈N is a collection of nested compact sets with an
empty intersection, so by the finite intersection property there must exist
Cm = ∅. Therefore µ(An) ≤ ε for all n ≥ m. This shows that µ(An) ↓ 0. ¤

Since the cylinder sets generate the Borel σ-algebra of Ω, a standard
result in probability theory (eg, Dudley, Theorem 3.1.7) states that µ has a
unique extension to B(Ω).

Corollary 2. Under the hypotheses of Theorem 1, the system of beliefs de-
termines a unique probability measure µ ∈ ∆(Ω).

9



We are now ready to state our main result.

Theorem 3. An S-consistent system of beliefs satisfies generalized consis-
tency.

Proof: Let (µF )F∈F be an S-consistent system of beliefs. For each F ∈
F , let λF ∈ ∆(Ω) satisfy π̂F (λF ) = µF . Let µ ∈ ∆(Ω) be the measure
determined by the beliefs according to Corollary 2.

Let A ∈ A , say A = B × ΩN\F , for some F ∈ F . Given G ⊃ F , by
Theorem 1 we have

λG(A) = µG(B × ΩG\F ) → µ(A).

Since ∆(Ω) is a compact metric space, there is a subnet (λi)i∈I that con-
verges to some λ ∈ ∆(Ω). As we have just seen, for all A ∈ A we have
λi(A) → µ(A).

Let now C ∈ C . Since C is closed, weak convergence implies:

µ(C) = lim sup
i∈I

λi(C) ≤ λ(C).

Let now B ∈ B(Ω). If C ∈ C satisfies C ⊂ B, then we have µ(C) ≤ λ(C) ≤
λ(B). By Lemma 2, this implies that µ(B) ≤ λ(B).

Define
M =

{
B ∈ B(Ω) : µ(B) ≤ λ(B)

}
.

We have seen that M ⊃ A , and it is immediate to check that M is a
monotone class, so by the Monotone Class Lemma, M = σ(A ) = B(Ω).
But since µ and λ are probability measures, µ ≤ λ means that λ = µ, so µ

is the only cluster point of (λF )F∈F . By compactness of ∆(Ω), each subnet
of this net must necessarily have a further subnet that converges, and the
limit point is always µ. This implies that µ is the limit of the original net,
and concludes the proof. ¤

4 Conclusions

In a framework with pure subjectivistic state spaces that keep expanding in
time, we have shown how one may define a notion of consistency of belief
updating that allows for interesting behavior. The aim of this work should
be to provide an axiomatic characterization of the process of belief updating.
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One interesting derivative of the work we have done here might be to
consider hierarchies of beliefs as in Mertens and Zamir [7] and Brandenburger
and Dekel [2]. Instead of Kolmogorov–consistency, as in those papers, we
might require a weaker concept like S-consistency and apply the results here
to establish the existence of limiting measures (with which each hierarchy is
identified).
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